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Inversive Planes of Odd Order 
P. H. FISHER, TIM PENTIILA, CHERYL E. PRAEGER AND GORDON F. ROYLE 
Given an inversive plane we define a graph, the vertices of which are the blocks of the 
inversive plane, where two blocks are adjacent if they meet in one point. We use this graph to 
provide the following characterization of the classical inversive planes of odd order. An 
inversive plane of odd order is classical if, and only if, there is a point at which the residue is an 
affine plane over a field, and the graph defined above has two connected components. 
1. INTRODUCTION 
An inversive plane of order q is a 3 - (q2 + 1, q + 1, 1) design. Following Dem-
bowski [5] we shall call the blocks of an inversive plane circles. There are two known 
infinite series of finite inversive planes, both of which are constructed from ovoids of 
PG(3, q) by taking the points to be the points of the ovoid and the circles to be the 
secant plane sections; such inversive planes are called egglike ([5], §6.1.3). They are 
denoted .Al(q) (constructed from the elliptic quadrics, one for each prime power q) and 
f/( q) (constructed from the Tits ovoids (see [11]), one for each q = 2e, where e > 1 is 
odd). We shall call the inversive planes .Al(q) classical inversive planes. It was proved 
by Dembowski [4] that all inversive planes of even order are egglike, and we shall be 
considering the problem of whether all inversive planes of odd order must also be 
egglike. It has been proved that Al(3), Al(5) and Al(7) are the only inversive planes of 
order 3, 5 and 7 respectively ([3,6, 7, 13]). 
Given an inversive plane .1 of order q we define a graph r(.1) as follows: the vertices 
of r(.1) are the circles of .1 and two circles are adjacent if they intersect in precisely 1 
point (notice that two circles intersect in 0, 1 or 2 points). In Theorem 3.1 we 
demonstrate that r(.1) has 1 connected component if q is even, and 1 or 2 connected 
components if q is odd. Specializing to the case q odd, it is shown that the graphs of the 
known inversive planes have 2 components. The main result of this paper provides a 
partial converse to this result and hence a characterization of the classical inversive 
planes of odd order. The following theorem is proved as Theorem 3.3 (terms such as 
residue are defined in Section 2). 
MAIN THEOREM. An inversive plane.1 of odd order q is isomorphic to Al(q) iff r(.1) 
has 2 connected components and there is some point P such that the residue of .1 at P is 
isomorphic to AG(2, q). 
As a corollary to this theorem it is shown that for odd order classical inversive planes 
each of the components is a 2-design. Furthermore, we note that for odd q > 3 each of 
the components of r(.Al(q» forms a 3-class association scheme, whereas for even q > 2 
all the circles of an inversive plane form such a scheme. 
2. PRELIMINARY RESULTS 
Throughout this paper we use the terminology and notation of Dembowski [5] , with 
the exception of the following terms. At - (v, k, A) design is an incidence structure on 
v points, where each block contains k points and any t-subset of the points lies on A 
blocks. Given an incidence structure .1 = ([jl, 2, /) and a point P E [jl the residue of / at 
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P is the incidence structure .jp = (PJ', 'p', I'), where PJ' = PJ - {P}, ':£' = {L e 
.p I (P, L) e I} and I' = I n (PJ' x 'p'). Less formally, the residue .1p is the incidence 
structure containing only the blocks through the point P, but with P deleted. 
It is straightforward to show that the residue .jp of the inversive plane .1 at the point 
P is a 2 - (q2, q, 1) design-an affine plane of order q. The residue at every point of 
.M(q) and Y(q) is the affine plane over a field AG(2, q). We shall say that the inversive 
plane .j is a one-point extension of the affine plane d if there is some point P such that 
.1p = d. 
An oval of an affine plane d of order q is a set of q + 1 points with no three 
collinear. 
LEMMA 2.1. Let I be a circle of the inversive plane .1 and P a point not incident with 
I. Then the set of points on I is an oval of the affine plane .1p . 
PROOF (see also [12]). As any three points of .1 lie on a unique circle any two 
circles can intersect in at most two points. Suppose for a contradiction that three of the 
points of I are collinear in .1p • Then by the definition of residue, these three points lie 
on a circle of .1 containing P. Thus these three points are on two circles of .j, which is 
the required contradiction. 0 
Therefore the circles of .1 fall into two groups: those incident with P which form the 
lines of the affine plane .1p , and those not incident with P which form ovals in the affine 
plane. We shall often abuse our terminology slightly by referring to circles of .1 
incident with P and lines of .jp interchangeably, although they are actually in different 
incidence structures. The context in which this is done will make the meaning clear. 
A conic of PG(2, q) is the set of singular one-dimensional subspaces of a 
non-degenerate orthogonal space (GF(q)3, Q). Embedding AG(2, q) in the usual way 
in PG(2, q) with line at infinity I, an ellipse of AG(2, q) is a conic for which I is an 
external line (that is, a line that misses the conic). 
The next theorem indicates why we are interested in ellipses. 
THEOREM 2.2 (Segre's Theorem). In PG(2, q) with q odd, every oval is a conic and 
conversely. In particular, every oval of AG(2, q) is an ellipse. 
PROOF. See [9J, Section 8.2.4. 0 
THEOREM 2.3. The group AGL(2, q) is transitive on the ellipses of AG(2, q). There 
are q3(q - 1)2/2 ellipses in AG(2, q). 
PROOF. We sketch a proof for odd q. Embed AG(2, q) in PG(2, q) in the usual 
way with line at infinity I. Hughes and Piper ([10], Theorem 2.60) show that PGL(3, q) 
is transitive on conic/external line pairs. Thus the stabilizer in PGL(3, q) of the line at 
infinity I, namely AGL(2, q), is transitive on conics to which I is external; that is, the 
ellipses of AG(2, q). By Hirschfeld ([9], Section 7.2) there are q5 - q2 conics in 
PG(2, q), each with q(q - 1)/2 external lines. It follows that each line is external to 
(q5 _ q2)q(q _ 1)/2(q2 + q + 1) = q3(q - 1)2/2 conics. 0 
3. MAIN RESULTS 
In this section we prove our main results concerning the graph r(.1) defined in the 
Introduction. 
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The following comments all follows directly from Dembowski ([5], Section 3.2.23; 
see also [9]). Consider the tangents to an oval (J in an affine plane. If q is even then all 
the q + 1 tangents to (J are concurrent (meeting in a point called the nucleus of (J), and 
hence one member of each parallel class is tangent to (J. Alternatively, if q is odd then 
we embed the affine plane into a projective plane in the usual way and consider (J in 
the projective plane. Any point not on (J is on either 0 or 2 tangents, and in particular 
as all q + 1 tangents to (J meet the line at infinity I, exactly (q + 1)/2 of the points of I 
lie on 2 tangents. Then considering the points of I to be the parallel classes of the affine 
plane it is clear that (q + 1)/2 parallel classes contain no tangents to (J and (q + 1)/2 
parallel classes contain 2 tangents to (J. We shall call a parallel class internal to (J if it 
contains no tangents, otherwise external. This terminology is suggested by an interior 
(exterior) point to an oval being a point on zero (two) tangents. 
THEOREM 3.l. Let.1 be an inversive plane of order q. If q is even then r(.1) is 
connected of diameter 2. If q is odd then r(.1) has 1 or 2 connected components. 
PROOF. If q = 2 then r(.1) is the Petersen graph and the result is true, so assume 
that q >2. 
Suppose that q is even and consider two circles of .1. Then there is a point P not on 
either circle. Regarding the two circles as ovals of the affine plane .1p , consider the line 
I joining the nucleii of the two ovals (or if they have a common nucleus choose I to be 
any line through it). Then I extended by P is a circle of .1 (by the definition of residue) 
and it is tangent to both circles and hence they are at distance at most 2 in r(.1). 
Suppose now that q is odd and fix a point P. Then we can divide the vertices of r(.1) 
into ovals and lines (of .1p ). Clearly, a line is adjacent to all the lines in its own parallel 
class (as they meet in the one point P), and thus if two ovals have an external parallel 
class in common then we can find a path (in r(.1» of length at most 3 between them 
and hence they are in the same connected component. Each component of r(.1) 
contains at least one oval and its (q + 1)/2 external parallel classes must be disjoint 
from those of any oval in any other connected component. Therefore r(.1) has at most 
2 connected components. 0 
THEOREM 3.2. Let ~ be an ellipse in AG(2, q) for q odd. The number of ellipses 
having the same set of external parallel classes as ~ is q2(q - 1)/2. 
PROOF. Given an ellipse ~, let .9'(~) be the set of ellipses of AG(2, q) with the 
same set of external parallel classes as ~. As AGL(2, q) is transitive on ellipses it is 
transitive on the set S = {.9'(~) I ~ an ellipse} and each of the members of S has the 
same size. We shall find the number of sets in S by finding the order of the stabilizer 
G =AGL(2, q)y(,#:). Firstly we shall determine a lower bound for the order of G. 
collineations that fix the parallel classes (setwise) are called dilatations and form a 
normal subgroup D of AGL(2, q) of order q2(q -1). The dilations are clearly in G, as 
is the stabilizer of ~ which has order 2(q + 1). The intersection D nAGL(2, qh has 
order at most 2, and thus IGI ~ q2(q -1)(q + 1). Now we shall determine an upper 
bound on the order of G by considering the completion of AG(2, q) to a projective 
plane with line at infinity I. Then each point on I corresponds to one parallel class of 
AG(2, q). Consider the group H that fixes the set of external parallel classes of ~ and 
look at its action on I. As H~AGL(2, q)'#;, IHII ~q + 1, and it has 2 orbits of length 
(q + 1)/2. Now AGL(2, q) induces PGL(2, q) on I, and by Dickson [8] the only proper 
subgroup of PGL(2, q) not in PSL(2, q) containing HI is dihedral of order 2(q + 1) 
and transitive (hence not fixing the set of external parallel classes). Thus IHII = q + 1, 
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and IHI = IDIIHII = q2(q -1)(q + 1) (as D is the kernel of the homomorphism 
H _ HI). However, it is clear that G ~ H and thus IGI = q2(q2 - 1). Hence there are 
[AGL(2, q): G] = q2 - q sets in S and each set contains q3(q -1)2/2(q2 _ q) = q2(q -
1)/2 ellipses. 0 
THEOREM 3.3. Let.1 be an inversive plane of odd order q. Then .1:;;; M(q) iff r(.1) 
has 2 connected components and there is a point P of .1 such that .1p :;;; A G (2, q). 
PROOF. (=» We use the representation and properties of M(q) described in 
Dembowski ([5], Section 6.4); that is, the points of M(q) are the elements of 
GF(q2) U {oo} and the circles are images of the point set GF(q) U {oo} under the group 
of mappings 
va +c 
v-vb+d' ad*bc. (1) 
Consider the group L1 generated by all the mappings of the form (1) with ad - bc a 
non-zero square in GF(q2). This group is doubly transitive on the points of M(q). Let 
II=L1Z, where Z is the group of order 2 generated by the mapping v- vq • This group 
II permutes the circles in 2 orbits of length q(q2 + 1)/2, and the stabilizer of any circle 
is triply transitive on the points of the circle. 
Considering the special circle K = GF(q) U {oo}, we shall show that any circle in the 
same component in r(.1) as K is in the same orbit under II, and hence that the entire 
component containing K is contained in one orbit of II. 
It is sufficient to show that K can be mapped to any of its neighbours C by an 
element (J of II (for then C can be mapped to any of its neighbours by using a suitable 
element conjugated by (J and so on). The mappings v- v + c, C E GF(q2) are in II (as 
ad - bc = 1), fix 00 and are transitive on all the circles that meet K only in 00. Thus we 
can map K to any of its neighbours that meet Kin 00. As IlK is (triply) transitive on the 
points we can map any point to 00 and hence by suitable conjugation can map K to any 
of its neighbours meeting K in any of its points. Thus r(.1) has at least two 
components and thus by Theorem 3.1, exactly two components. As r(.1) is a 
vertex-transitive graph, both components have the same size q(q2 + 1)/2 and hence 
each of the orbits of II forms a component. 
(¢:) Fix the point P and divide the circles into ovals and lines of .1p (:;;;AG(2, q» . 
Any two ovals in the same component have the same set of external parallel classes 
and thus, by Theorem 3.2, a component must consist of all the ovals with a given set of 
external parallel classes together with the lines of those parallel classes. Then the other 
component is uniquely determined as those ovals (and lines) whose external parallel 
classes are precisely those that are internal to the first component. By the first part of 
this theorem, M(q) has the same form, and as AGL(2, q) is transitive on ovals we can 
represent M(q) as precisely the same sets of ovals and thus .1:;;; M(q) . 0 
COROLLARY. The circles in each of the two components of r(M(q» form a 
2 - (q2 + 1, q + 1, (q + 1)/2) design. 
PROOF. As II is doubly transitive on the points, the circles in each orbit form a 
2-design with some A. Counting pairs of points yields that A = (q + 1)/2. 0 
REMARK. An inversive plane is block-schematic (that is, the circles carry an 
association scheme (see [2]) with relations being the cardinalities of intersections) iff it 
is of even order (P. J. Cameron, private communication). 
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Taking Ro to be the identity relation, define relations R 1 , R2 and R3 on the circles of 
an inversive plane as follows: (/1, 12) E R; iff 111 n 121 = i for i = 1, 2 and (11) 12) E R3 iff 
11 n/2=0. 
Under these relations, all the circles of an inversive plane of even order q > 2 form a 
3-class association scheme with intersection matrices (see [2]) 
o 0) o 0 
q2(q + 1)/2 0 ' 
o q(q - 1)(q - 2)/2 
o ) q(q - 2)/2 
q2(q - 2)/4 ' 
q(q - 2)(q - 4)/4 
1 o 
q -2 q2/2 
q2/2 q2(q + 2)/4 
q(q - 2)/2 q2(q - 2)/4 
o 1 
q-1 (q - 1)(q + 2)/2 
q(q - 1)(q + 4)/4 
q(q - 1)(q - 2)/4 
(q - 1)(q - 2)/2 o ) 
(q - 1)(q + 2)/2 
(q - 1)(q - 2)/2 
o 
q+1 
q(q + 1)/2 
(q + 1)(q - 4)/2 
o 
q(q + 1)/2 
q2(q + 1)/4 
q(q + 1)(q - 2)/4 
q(q - 1)(q - 2)/4 ' 
(q - 1)(q - 2)2/4 
1 ) (q + 1)(q - 4)/2 
q(q + 1)(q - 2)/4 ' 
(q3 _ 7q2 + 12q + 4)/4 
whereas when q > 3 is odd the circles in each of the two components of r( M( q» form a 
3-class association scheme with intersection matrices 
o 0 o ) 
q(q2 _ 1)/4 0 ' 
o q(q - 1)(q - 3)/4 
2q ~ 2 q(q ~ 1)/2 q(q ~ 3)/2 ) 
q(q -1)/2 q(q2 - 1)/8 q(q - 1)(q - 3)/8 ' 
q(q - 3)/2 q(q - 1)(q - 3)/8 q(q - 3)(q - 5)/8 
2q ~ 2 (q2! 1)/2 (q - 1)(: - 3)/2) 
(q2 _ 1)/2 (q - 1)3/8 + q(q - 3)/2 (q -1)2(q - 3)/8 ' 
(q - 1)(q - 3)/2 (q - 1?(q - 3)/8 (q -1)(q - 3)2/8 
o 
2q +2 
(q2 _ 1)/2 
(q + 1)(q - 5)/2 
o 1) (q2 - 1)/2 (q + 1)(q - 5)/2 
(q2 _ 1)(q -1)/8 (q2 - 1)(q - 3)/8 . 
(q2 _ 1)(q - 3)/8 (q - 3)3/8 - (q - 9)/2 
In each case this can be proved by direct calculation of the intersection numbers pt. 
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Note added in proof: Since completing this work we have learned that Thas has shown that for odd 
q f {11 , 23, 59}, an inversive plane .1 of order q is classical if for at least one point P, .1p = AG(2, q). 
